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It is the purpose of this paper to establish oscillations criteria for even-order 
nonlinear differential equations in a very general form with delay and to extend 
results due to Staikos and Petsoulas, which are in turn generalizations of others. 
1. INTRODUCTION 
We study the oscillatory behavior of the even-order non-linear delay 
differential equation 
k 
(r(t) X’(t))(2’z-1J + C fi(t) Fi(.V,i(t), Xi;(t),..., Se-l’(t)) 
i=l 
$- G(.u&), x;Jt) ,..., s;z-l’(t)) == 0, (l) 
where 
.yt(t) == s(t - T;(f)), 
i==lT k, I -,..., 
.$‘(t) .(j’(f j = I, 2 )... , 2n -- 1) = - q(t)), 
r =I 0, I, 2 2n -- ,...) 1) 
.P( ‘I ,!I t) = P(t - a ,,I , (f)) 111 = 1, 2,.... 2r1. 
The term j denotes the order of differentiation with respect to t, and the 
delays am, ai( and a,,Jt) are bounded by a common constant M, 
nonnegative, nondecreasing, and continuous real valued functions of t. The 
functions 
fj(t) : R 4 R are continuous for each i, 
F,(t) : ReTz -+ R are continuous for each i, (2) 
G . R2u ---, R is continuous. 
Besides, sufficient smoothness on the part of the functions is assumed 
without mention (see [4] or [14]) t o ensure the existence of a solution of (1) 
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in [to , + 00). The purpose of this paper is to present certain oscillation 
properties of a slightly more general delay equation (1). The present results 
extend results due, in part, to [l-3, 5, 6, 11, 131, and generalizes completely 
all the results of [ 151. 
2. MAIN RESULTS 
We need the following two lemmas. 
LEMMA 1 (Kiguradge [9]). If x(t) > 0, x’(t) > 0, x”(t) < 0, and x(t) is 
real, then for su&iently large t, there exists a constant L > 0 such that 
x’(t)/x(t) <L/t. (3) 
LEMMA 2 (Staikos and Petsoulas [15]). Under the hypothesis of Lemma 1, 
there exist constants Li > 0, i = 1, 2 ,..., n, such that 
x(t - Ti(t))/x(t) > Li (4) 
and 
hiI(X( t - Ti(t))/X(t)) = 1 a (5) 
THEOREM 1. Suppose the following conditions hold in addition to (2). 
(i) h(t) 2 0 for mmy t E [to , +a); 
(ii) r(t) E Czn-l[t, , rx)), r(t) is bounded and sutisJes r(t) > 0, r’(t) > 0, 
(-l)j+l (G(t)) >, 0, j = 2, 3 ,..., 2n - 1. 
(iii) sgnF&, , x2 ,..., xZn) = sgn x1 and 
Fi(-Xl , -X2 *em*, -X2n) = -Fi(XJ, 9 Xp y0m.y X2n) for all i; 
(iv) sgn G(x, , x2 ,..., ~a,,) = sgn x1 and 
G(-xl , -x2 ,..., -x2%) = -G(x, , x2 ,..., x2,J; 
(v) there exists some index j such that 
Fj(% 9 h2 ,**-, Xx2,,) = X2~~1Fj(x1 , x2 ,..., x2,,) for all (x1 , x2 ,..., x2,J E R2”, 
real X # 0 and some integer p 3 0; 
(vi) F& , x2 ,..., x2,) -+ co as x1+ a with some index j, 1 .<j <k; 
and 
(vii) jtfj(t) dt = +oo. 
Then all bounded continuous olutions of Eq. (1) are oscillatory. 
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Proof. We assume the existence of a nonoscillatory solution x(t) f 0 of 
Eq. (1). Conditions of the theorem imply that -x(t) is again a solution of (1). 
Therefore, without any loss, we can assume that x(t) > 0 eventually. Suppose 
for t 3 t, > 0, x(t) and x(t - -ri(t)) are positive for all i. Choose t, so 
large that x(t), x(t - am), and fj(t) are all positive in [ti , co]. Due to 
the sign condition on Fi , it follows now from Eq. (1) that 
(r(t) qt)) (*‘-‘) + fi(t) Fj(xTj(t), x&(t),..., .x:-l’(t) + G < 0, (6) 
or 
(r(t) X’(t)p-l’ < 0 for t E [tl , o3). (7) 
This, in turn, implies that (r(t) ~‘(f))(*+*) is decreasing and must eventually 
have a constant sign and since r(t) > 0, it implies x’(t) must eventually have a 
constant sign. Hence there exists a conveniently large t, > t, such that for 
t > t, , .x’(t) is either positive or negative. 
Case 1. x(t) > 0, x’(t) < 0, t E [t2 , co). Now 
(r(t) x’(t)p-l) < 0 and r(t) x’(t) < 0, 
and therefore it could be claimed that 
(v(t) x’(t))’ < 0 for t E [ts , co), t, 3 t, . (8) 
Eventually, if (r(t) x’(t))’ > 0, then (r(t) x’(t))“, being monotonic, must be 
nonpositive because if (r(t) x’(t))” > 0, then x’(t) r(t), being concave up and 
increasing, will eventually be positive, a contradiction. Proceeding this way 
and remembering that all derivatives of r(t) x’(t) are monotonic, we find that 
(r(t) ~‘(t))(~+-l) > 0, a contradiction to (7). Hence (8) holds. 
Integrating (8) between ts and t, we obtain 
r(t) x’(t) < y(tJ x’(t,) < 0, 
or 
x’(t) < y(tJ x’(tJr(t). (9) 
Therefore from (9), we get 
Now as t -+ co, the right-hand side of (10) tends to negative infinity, which 
is a contradiction, since x(t) > 0 in [t, , co) and r(t) is bounded. Hence either 
x(t) is oscillatory or the following case holds. 
Case 2. x(t) > 0, x’(t) > 0 for t E [ts , 00). Now from (7), 
(r(t) d(t))‘*n--1) < 0 and r(t) x’(t) > 0 in [t3, co), 
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we must have 
(r(t) X’(t)y-*) > 0 eventually. (11) 
For if (r(t) ~‘(t))(*~-~) < 0, then (r(t) x’(t)) (2n-3) is concave down decreasing, 
and therefore ultimately negative. This will eventually make x(t) < 0, a 
contradiction. 
We now claim that 
(--l)j (r(t) x’(t))(j) > 0, j = 0, 1, 2 ,..., 272 - 1, WI 
where (j) denotes the order of differentiation. To see this suppose first that 
x(t) is bounded. If (r(t) .~‘(t))(*+~) > 0, eventually then, because of (ll), 
(r(t) ~‘(t))(*“-~) will be positive and tend to co. Proceeding this way we 
find that r(t) x’(t) + co as t -+ co, and since r(t) is bounded, this leads to the 
fact that x(t) --, cc as t + 00, a contradiction. Hence 
(r(t) x’(t))(2n-3) < 0 eventually, 
and the claim holds by continuation of this process. 
Since r(t) > 0, r’(t) > 0, r”(t) < O,..., r(271-1)(t) 3 0, we get from (12) 
x(t) > 0, x’(t) > 0, x”(t) < 0, x”(t) > o,..., xyt) < 0 (13) 
and 
ii+: x(j)(t) = 0, j = 2, 3 ,..., 2n - 1. (14) 
Now since x(t) > 0, x’(t) > 0, x”(t) < 0, we appeal to [9, Lemma 11, which 
says that for large t 
x’(t>/x(t) <L/t, (15) 
where L is some positive constant. Hence 
x&(t) < x’(t - q(t)) 
o<---, 
r’(t - m) 
*c,(t) x(t - q(t)) G x(t - m) ’ t E [t1 + m, co), 
and by (15) it follows that 
lim (xAi(t)/xTi(t)) = 0. t-+-Z 
Similarly, 
(16) 
x7$) --I =- 
x(t) I 
x,;(t) - s(t) < x(t) - x(t - m) 
x(t) 1 x(t) ’ 
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and by the mean value theorem 
x(t) - x(t - m) __ mx’(LJ < m x’(t - m) r= m x’(t - m) 
x(t) -x(t)\ x(t) ‘- x(t - m) ’ 
I 
XT.(t) __ _ -- s(t) I I 
s’(t - m) 
b m x(t - m) ’ t (5 [to + m cc). (17) 
Thus again by (15), 
fi: xri(t)!‘x(t) = I. 
Now define 
and 
q(t) = x(t).‘[r(t) x’(t)-p-2) 
Therefore, 
1 (r(t) x’(t))(zri-z’ 
-=- 
q(t) x(t) - 
1 ’ I I Q(t)= 
r(t)(r(t) x’(t))(2’i--1) - d(t)(r(t) ,‘(t))(sn-e) 
x2(t) 
= (r(t) x’(t))(2’~-1) _ x’(t)(r(t) .‘(t))@n-2) 
x(t) x2(t) 
since 
< (r(t) x’(t))(2+1) 
x(t) ’ 
s’(t)(r(t) .‘(t)p*‘:x*(t) > 0 
(18) 
due to (12) and (13). From Eqs. (I) and (IS), we get 
\ - G(-v,,(t), x;,(t),..., rt”-l)(t))J 
since by condition (iv), G > 0. 
Now we appeal to the fact that for t E [tl , +co), fiFi > 0 for all i. This 
leads to the fact that 
1 ‘ c-1 q(t) < - ~f$) Fj(xrj(t), .rLj(t) I..., $-l’(t)). (20) 
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Applying condition (v), it follows that 
1 ’ E-l n(t) < 
.q4 - x(t> ’ $P(t)fj(t) Fj (1, + ,..., 4y)(t) . xrjw ) (21) 7, 
Now lim t++Jx,,(t)/x(t)) = 1 by Lemma 2 and 
limFj 1, “jet) 
p’(t) 
ttn q(t) “‘.’ x*,(t) 
= Fj(l, 0, 0,.-a, 0) > 0. 
Therefore it follows from condition (vii) that 
But integrating (21) will give 
1 1 -- 




--!-- - 1 
t+r 4(t) d4 + m1T- 1 
= ---co. (24) 
Since [l/q(t)] is p OSI we and decreasing due to condition (12), therefore ‘t’ 
lim,,,[l/q(t)] is finite. In that case 
. [ 
1 1 -- 
t% q(t) dh + m) 3 
is finite, but this is a contradiction to the conclusion in (24) and the theorem 
is proved. 
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Remark. This theorem generalizes [15, Theorem 1, p. 6961 and the 
theorem of Kartsatos [6], who proved in the case of an ordinary differential 
equation with n = 1, k = 1, G = 0 under the more restrictive condition. 
The following theorem generalizes [15, Theorem 2, 6981, which in turn 
generalizes [6, Theorem 2; 13, Theorem 31 under less restrictive conditions. 
THEOREM 2. Suppose Eq. (I) satisfies the following conditions in addition 
to the Jirst four conditions of Theorem 1. 
(viii) Fj(A.r, , Ax, ,..., Ax,,) == Mj(xl , .x2 ,..., .vJ for e-z’er\q 
(x1 , x2 )..., x2n) E R”n and X E R; 
(is) I + 4, where I denotes the set of all indices for which the function 
F,(x, , x2 ,...) xqn) is nondecreasing with respect to each z-ariable x1 , x3 , sg ,..., 
xrnml separatelv and decreasing with respect to x2 , x4 ,... , xZn as well as the 
functions G(s, 0 ,..., 0)/x and [Fj(x, 0, 0 ,..., O)]/x which are nonincreasing on 
(0, a); 
(x) there exists a positive and dz@etztiable function 4(t), t 3 t, , for 
some t, , such that 4’(t) < 0 and 
+cc JW) {CiEl fi(t) Fi(t, 0, CL.., 0) + W, 0,.-v (9, 
_ $“‘(t) 1 y(2n-2’,,( ,,“I +~K 
Wt) 
for t?zyv p 3 1. 
Then all bounded solutions of Eq. (I) are oscillator!. 
Proof. We proceed as in Theorem 1 by assuming the existence of a 
nonoscillatory solution x(t) > 0 in [tl , co). Then claims (12) and (13) of 
Theorem 1 hold. 
Now we define the transformation 
z(t) =_ _ (y(t) wY2’f-2’ +(q 
s(t - m) ’ t E [t1 I ,m,) 
to obtain 
z’(t) =: 
(h(t) IQ(t) F+&#, x&(t),..., .p’(f)) 
.r(t - m) ______ 
L G(x,,(t), x;,(t),..., -YE-“(4) 4(t) 
x(t -- m) 
(25) 
__ (r(t) x’(t))(2+2) .r’(t - m) C(t) _ (r(t) x’(t))(2n-2) +,(t). 
.r2(t - m) s(t - m) 
(26) 
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Now considering the sum of last two terms of (26), 
(r(t) .x’(t))(*n-2’ x’(t - 112) 
4(t) [ 
4”W +ct> 4’(t) 
.$(t - m) - x(t - m) x’(t - m) I 
. (27) 
Adding and subtracting F*(t) 1 r(2n-2)(t)l/4#(t) in (27), we have 
(r(t) d(t))(*+2) x’(t - m) 
Ht) 
> [ 
4*(t) 4(t) C’(t) 42(t) 1 y(2”-21 1 
x+(t - m) - x(t - m) n’(t - m) + 4(rX’)(*n-*) x’(t - m) I 
Now 
1 P-*‘(t)l x’(t - m) 
(yX’)(2n-2) 
>I 
I Y(*n-yt)l x’(t - m) 
r-n-2) / x’(t) + (2n - 2)/ y(2n-3) 11 X”(f)1 + . . . + 1 y I( *(*n-l) 1 = li”? 
in view of (12), (13), and 0 < R < 1. 
Eq. (28) 3 
(YX’)(2@) x’(t - m) 
C(t) 
x [ 
42(t) w 4’W 4’*(t) R* 
.qt - m) - x(t - m) x’(t - m) + 4qt - m) 1 
_ 32(t) I Y(*n-*) ) 
44(t) 
= (my”-*) r’(t - m) 
[ 
W) d’W * 
4(t) x(t - m) - 2x’(t - m) 1 
_ c+‘*(t) / Y-*‘(t)l 
4+(t) * (29) 
From (26) and (29), we get 
+ c+(t) G(x(t - m), O,..., 0) _ F2(t) I r(2n-*)(t)l 
x(t - m) 44(t) ’ 
(30) 
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since .$)(t) and .$$t) are decreasing and positive. Non 
-y(t) < x(tJ + x’(t1) (t - tJ fortG[t,, +,z0) 
or 
x(t - m) :< x’(t& t + x(tl) - (tl + m) .r’(tl), 
and therefore there exist t, 3 t, + m and an appropriate constant p ;;: 1 such 
that 




_ f(t) 1 r--2)(t)’ 
Wt) 
__-. 
F&t, 0, o,..., 0) 3 F,(t, 0, o,..., O), 
Gi@, 0, O,..., 0) 3 W, 0, O,..., Oh 
(32) 
since p > 1 and Fi , Gi are increasing in their arguments, we have from (32) 
that 
(33) 
Now it is easy to see that z(t) is eventually positive from (x), which is a con- 
tradiction, since z(t) is negative from (25). 
THEOREM 3. Suppose Eq. (1) satisfy 1 conditions (viii) and (ix) of Theorem 2, 
and the first four conditions of Theorem 1 along with the following condition. 
(xi) There exists a positive and differentiable function C(t), t > t, for 
some t, such that 4’(t) < 0 and 
irn [4(t) ~~fi(W’iU, 0, O,..., 0) + (31, 0, O,..., 0); 
_ +“@) 1 r(2n-*)(t)l dt = x) 
Wt) I 
Then all bounded solutions of Eq. (I) are oscillator],. 
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Proof. From (26) and (29), we have 
Z’(t) 2 
1 
r(t - 772) #J(t) [If&) K(q(t), “di(t)>..., 4y(t>) iol 
+ G(.r&), xi&b, ~a,,, (-l)(t))] 




in view of (12) (13), and condition (viii). A similar condition holds for G. 
From (34), we have 
z’(t) b 4t) x(t - lit) C(t) [; f@) Fi ( s(tx;)m) , o,..., 0) 
+ G ( x’tuv-,“’ , 0 ,..., o)] _ +‘*@I I r(2n-22L 
J+(t) 
=4(t) [Cfi(t)F,(l, O,...,O) + G(l, %..,O,! 
icl 




F44t - 4/w OY, 0) > F,(l 0 o,..., 0) 
x(t - 772)/x(t) ’ t ’ ’ ’ 
by Lemma 2, where x(t - m)/x(t) increases to 1 as t + CO. Integrating (36), 
we get 
_ $f2(4 I y(2n-2Y41 ds 
Ws) . 
(37) 
The left-hand side tends to + co as t -+ 00 due to condition (xi), and this is a 
contradiction since z(t) is negative. Hence the proof is complete. 
Remark. This theorem generalizes [15, Theorem 3, p. 7001. It is interest- 
ing to note that in conditions (x) and (xi), if we delete G, then the theorem 
will still hold. This can be verified easily by seeing inequalities (30) and (34), 
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where deleting G in those inequalities will make z’(t) greater than the right- 
hand sides, and by proceedings on same lines will keep theorems hold even by 
replacing conditions (x), and (xi) with similar conditions without G, as 
follows. 
(xii) J +02 [#) p F&9 $.‘Y 0) _ F”(t) i&-*w ] dt _ +=, 
(xiii) J1+m [q5(t)~f~(t)F(l,O,...,O) - “z’t’jl~~-*)(t)‘] dt E +,m 
These conditions can be relaxed further, as can he seen by the following 
theorems. 
THEOREM 4. Suppose Eq. (1) sarisJes conditions (i)-(iv), (viii), (ix), and the 
follozuing condition. 
(xiv) There exists a positive and dz@wntiable function 4(t), t > t, for 
some t, such that d’(t) < 0, and 
j-= 9(t) ~fiWVXf> O,..., 0)/‘/d dt = a. 
Then all bounded solutions of Eq. (1) are oscillatory. 
From (26), we have 




G > 0, (Y(X) d(t))(*n--2) > 0, x’(t - m) > 0, .qt - m) > 0, 
C(t) > 03 qw) < 0, 
or 
z’(t) > 4(t) c fi(t)(JJi(x(t - m), o,..., O)/x(t - 4>, 
&I 
or 
z’(t) > $Qt) C fittXFii(Pt, o,***v oYPt) 
iol 
> 4(t) C fi(t)(Fi(t, O,**., O),‘Pt)* 
iol 
(39) 
By integration, we get 
409/54/3-4 
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which makes the left-hand side co as t + co. This is again a contradiction 
since x(t) is negative, and the proof of Theorem 4 becomes complete. 
THEOREM 5. Suppose Eq. (1) satisfy conditions (i-iv), (viii), (ix), and the 
following condition. 
(xv) There exists a positive and d$Grentiable function 4(t), t 2 t, for 
some t, , such that 4’(t) < 0 and 
Fi(l, O,..., 0) dt = co. 
Then Eq. (1) is oscillatory. 
The proof of Theorem 5 is similar to Theorems 3 and 4 starting from 
result (34) onward. 
Remark. It is interesting to note that the same results hold for Theorems 
2-5 even if we replace x(t - m) by x(t) in z(t) (see (25)). 
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